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ABSTRACT

It is proved that an irreducible quasifinite Weo-module is a highest or
lowest weight module or a module of the intermediate series; a uniformly
bounded indecomposable weight We,-module is a module of the inter-
mediate series. For a nondegenerate additive subgroup I' of F*, where
F is a field of characteristic zero, there is a simple Lie or associative
algebra W(I',n)(!) spanned by differential operators uD]™ .. DJ'* for
u € FI'] (the group algebra), and m; > 0 with 37y m; > 1, where D;
are degree operators. It is also proved that an indecomposable quasifinite
weight W(I',n)()-module is 2 module of the intermediate series if I" is
not isomorphic to Z.

1. Introduction

Let us start with the general definition. For an algebraically closed field F of
characteristic zero, let I' be a nondegenerate additive subgroup of F*, i.e.,
it contains an F-basis of F*. Let F[I'] = span{t*|a € T'} denote the group
algebra of T' with the algebraic operation t - t# = to+# for o, € . We
define the degree operators D; to be the derivations of FII'] determined by
D;: t* — o;t* for « € T',i = 1,...,n. Here and below, an element o € F* is
always written as @ = (ay,...,a,). The Lie algebra W(T',n) of Weyl type
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[S4] is a tensor product space of the group algebra FI'] with the polynomial
algebra F[Ds,...,D,]:

(1.1) W(,n) = HI'| @ F[Dy,...,Dy,] = span{t*D*{a € T',p € Z}},
where D# =[], D!, with the Lie bracket:

[t*D* t*D"] = (t*D*) - (t* D*) ~ (t° D) - (t1°D*),
and

Aez?

where f* = []7, B} (here without confusion, we use notation 8* similar to
notation D* in (1.1)), and (X) = [[;,(}}). Furthermore, for i,j € F, () =
i(i—1)--- (i -5+ 1)/9tif j € Zy, or (3) = 0 otherwise.

It is proved [S3] that W(I',n) has a nontrivial universal central extension if
and only if n = 1. The Lie bracket for the universal central extension )//V\(I‘, 1)
of W(T', 1) is defined by

[t*[D],., °[DL] =(t*[D),.) - (¢°[D)) — (¢°[D) - (¢*[D],)

(1.3 6o (1)l (ui‘:i 1) c,

fora,3 €' CF,p,v € Z,, where [D], =D(D—-1)---(D—p+1),and C is
a central element of W(I‘, 1). The 2-cocycle of W(Z,1) corresponding to (1.3)
seems to appear first in [KP].

Denote by W(T,n)") the Lie subalgebra of W(I',n) spanned by
{t*D*|a € T, |u| > 1}, where |u] = 3", p;. Similarly, we can define W(T', 1)(1).
Then W40 = W(Z, 1) and Wy, = W(Z, 1)® are the well-known W-infinity al-
gebras, which arise naturally in various physical theories such as conformal field
theory, the theory of the quantum Hall effect, etc. and which receive intensive
studies in the literature (cf. [BKLY, FKRW, KL, KR1, KR2, KWY, S4]).

Note that W(T',n)() is also an associative algebra under the product (1.2).
It can be proved that W(T',n)(") is simple as a Lie or associative algebra
(cf. [SZ1]). We denote it by A(T,n)(!) when we consider it as an associative
algebra. Clearly an A(T',n)()-module is also a W(T',n)(!)-module, but not nec-
essarily the converse. Thus it suffices to consider W(I',n)(")-modules. The Lie
algebra W(T,n)) = @, .r W(T, n)$ is D-graded with the grading space

(14) W(T,n)Y) = span{t*D*|u € Z3\{0}} fora el
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In [S4], one of us classified the quasifinite modules over W(I',n). In this
paper, we shall consider the more difficult problem of classifying the quasifinite
modules over W(I',n)!). Here, a W(T', n){"-module V is called a quasifinite
moduleif V = @, V., is a [-graded F-vector space such that W(T, n)&l)Vg C
Vatg,dimVy < oo for a, f € I'. When we study the representations of Lie alge-
bras of this kind, since each grading space in (1.4) is still infinite-dimensional,
the classification of quasifinite modules is thus a nontrivial problem, as pointed
in [KL].

For a € F™, one can define quasifinite W(I',n)(V)- or W(F,l)(l)-modules
Aq, By as follows: They have basis {yg|8 € I'} such that the central element C
acts trivially and

Ao (P D*)yy = (@ + 7 ypsy,
ch :(tﬁDu)yW = (_1)lul+1(a + B + ’7)“’3]54—77

for 8,7 € ', u € Z7\{0} (where (a + 7)* is a notation as 3* in (1.2)). These
modules are defined in [S4, Z]. Obviously, A, or B, is irreducible if and only if
a ¢ T'. Clearly A, is also an A(T,n)Y)-module, but not B,. We refer to any
subquotient module of A, or B, as a module of the intermediate series
(cf. [S4]). Then the main result of the present paper is the following.

THEOREM 1.1: (i) An irreducible quasifinite module over W(Z,1)(Y) or over
We = W(Z,l)(l) is a highest or lowest weight module, or a module of the
intermediate series.

(ii) An irreducible quasifinite W(I',n)(V)- or W\(I‘, 1) -module is a module
of the intermediate series if I" is not isomorphic to Z.

Since the complete description of irreducible quasifinite highest weight mod-
ules was obtained in [KL] and lowest weight modules are dual of highest weight
modules, Theorem 1.1 and results in [KL] in fact give a complete classification
of irreducible quasifinite modules. Theorem 1.1 also gives a classification of
irreducible quasifinite modules over the associative algebras A(T,n)).

The analogous results to the above theorem for affine Lie algebras, the
Virasoro algebra, higher rank Virasoro algebras and Lie algebras of Weyl type
or Block type have been obtained in [C, M, S4, S5, S6] (also, cf. [S2]).

A quasifinite module V is uniformly bounded if there exists N > 0 such
that dim Vg < N for all g € T it is called a weight module if Dy,..., D, are
semi-simple operators on V.
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THEOREM 1.2: (i) A uniformly bounded indecomposable weight W(Z,1)(- or
Weo-module is a module of the intermediate series.

(ii) A quasifinite indecomposable weight W(I',n)V)- or W(T', n)(")-module is
a module of the intermediate series if " is not isomorphic to Z.

Finally we would like to point out that although the main result of the present
paper is similar to that of [S4], one can see below that the proof is more technical
than that of [S4] due to the fact that the elements t* = t*D°, 8 € T, do not
appear in W(T',n)("),

2. Quasifinite W, ,-modules

First we prove Theorem 1.1(1) and Theorem 1.2(i). We shall only work on the
non-central extension case since the proof of the central extension case is similar.
Now consider the Lie algebra

W = W(Z,1)Y = span{t'D’|i € Z,j € Z,\{0}}.

In this case D = t&

<, and by (1.4), W = @, W; is Z-graded with

Wi = span{t'D’|j € Z4+\{0}} = {t'Df(D)|f(D) € F[D]}
for i € Z. By (1.2), we have

[t'Df (D), Dg(D))

2.1 "
e =t D((D +j)f(D +j)g(D) — (D + i)g(D + i) (D)),

for ¢,j € Z, f(D),g(D) € F[D]. Also, W has a triangular decomposition W =
W, & Wy & W_, where in general, for any Z-graded space M, we always use
notations My, M_, My and My, ,y to denote the subspaces spanned by elements
of degree k with k& > 0,k < 0,k = 0 and p < k < ¢ respectively. Denote
Vir = @), Ft' D, which is the (centerless) Virasoro algebra.

LEMMA 2.1: Let S be a subspace of Wy with finite co-dimension. Given ig > 0,
let M, s denote the subalgebra of W generated by t* D, t"*+!1D t%D? and S.
Then there exists some integer K > 0 such that Wk o) C Mj,s.

Proof: By the assumption of S, there exists some integer mo > 0 such that for
all integer m > my, there exists a polynomial D f(D) € S with deg f =m. We
shall prove by induction on m the following claim.
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CLAIM 1: For any m € Z with 1 < m < myg, there exists some integer K, >
mK,,—1 (where we take Ko = ig) such that t*D™ € M, s for all integers
k> Ky,

Suppose m = 1. For any integer k sufficiently large enough, we can write
k = kyig + ka(io + 1) for some ky,ky; € Z;\{0}, so t*D can be generated by
toD, totl D, ie., t*D € M;, s. Thus we can take some integer K; > i large
enough to ensure that the claim holds for m = 1. Suppose 1 < m < mg and
inductively assume that the claim holds for m — 1. Take K,, = mK,,_1 +
io. Then for any k > K,,, by (2.1) we have at*D™ = [th=topm—1 thD?] =
0 (mod M;,,s), where a = ((m — 1)io — 2(k —i0)) <0, i.e., t*D™ € M;, 5. Thus
the claim holds for m.

Now take K = K,,,. For any integer k > K, we can now prove by induction on
m > 1 that t*D™ ¢ M, s as follows: If m < my, this immediately follows from
Claim 1. Assume that m > my. Let f(D) be a polynomial of degree m—1 > myg
such that Df(D) € S, then by (2.1), kmt*D™ = [t*D, D f(D)] = 0 (mod M;, s).
This proves that Wk ) C Mi,,s. |

LEMMA 2.2: Assume that V is an irreducible quasifinite W-module without a
highest or lowest weight. For any i,j € Z,i# 0,—1, the linear map

t'Dly, ® ' D|y, @ t'D?|v,: V; = Vig; ® Vigjy1 © Vigj
is injective. In particular, dimV; < 2(dim V) + dim V} for j € Z.

Proof (cf. [S4]): Being irreducible, V must be a weight module, i.e., there exists
some « € F, such that

(2.2) Vi={veV|Dv =(a+1iv}.

Say, ¢ > 0 and (¢*D)ve = (t*"'D)vo = (t*D?)vp = 0 for some 0 # vy € V;. By
shifting the grading index of V; if necessary, we can suppose j = 0. Let S be
the kernel of the linear map Wy — End(Vp): D™ — D™|y, for m > 1. Since
dim Vp < o0, S is a subspace of Wy with finite co-dimension. Then M; sve =0
and by Lemma 2.1, we have W[k )vo = 0 for some K > 0.

For any subspace M of W, we use U(M) to denote the subspace, which is the
span of the standard monomials with respect to a basis of M, of the universal
enveloping algebra of W. Since W = W k) + Wo + W_ + Wik o), using the
PBW theorem and the irreducibility of V', we have

V =UW)vo = U(Wp1 k))U(Wo + W_)U(Wx,00))v0

(2.3)
= U(W[LK))U(W() + W__)’Uo.
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Note that V. is a Wy-module. Let V be the W, -submodule of V. generated
by Vjo,x). We want to prove that V, = V.

So let k > 0 and let z € V. have degree degz = k. If 0 < k < K, then by
definition, « € V. Suppose k > K. Using (2.3), z is a linear combination of
the form w;zy with u; € Wy k), 21 € V. Thus the degree degu; of u; satisfies
1 <degu; < K,s00 < degzy = k — degu; < k. By inductive hypothesis,
zy € V}, and thus x € V]. This proves that V, =V}.

The fact that V; = V] means that the W, -module V, is generated by the
finite dimensional space Vjo, k). Choose a basis B of V|p k). Then for any
z € B, we have z = u,v, for some uy € U(W). Regarding u, as a polynomial
with respect to a basis of W, by induction on the polynomial degree and using
the formula [w,wiws] = [w, w1 |ws + wi[w,ws] for w € W, wy,we € U(W),
we see that there exists a positive integer k, > K sufficiently large enough
such that [Wik, o), tz] C U(W)Wk o). Then from Wik oo)vo = 0, we have
Wik, 00T = [Wik, ,00)» Uz]vo + ue Wi, oyvo = 0. Take K' = max{k,|z € B},
then W[K’,oo)V[O,K) =0 and

Wik 000V = Wikt o) UWi) Vo, k) = UWL) Wik o) Vo, k) = 0.

Since there exists some integer K > K’ sufficiently large enough to ensure that
Wi C Wik 00) + (W= k1,0) WK',00)], this means that we have W, Vg, ) = 0.
Now suppose = € Vi, +k,00)- Then by (2.3), it is a sum of elements of the form
u1 71 such that uy € Wy k). But then z; has degree degz, > degzr — K > K,
0 1 € Vik,,00)- Thus from W, Vik, ) = 0, we have u;z; = 0, i.e., z = 0. This
proves that V has no degree > K; + K.

Now let K" be the maximal integer such that Vi« # 0. Since Wy is commu-
tative, there exists a common eigenvector v}, € Vi for Wy. Then v} is a highest
weight vector of W, this contradicts the assumption of the lemma. |

Theorem 1.1(i) will follow from Theorem 1.2(i) and Lemma 2.2, so it suffices
to prove Theorem 1.2(i). Thus from now on, we suppose V is a uniformly
bounded indecomposable weight W-module such that (2.2) holds.

Regarding V as a weight module over the Virasoro algebra Vir, by [S2], there
exists some N > 0 such that dimV}, = N for all k € Z with £+ a # 0, where
o € T is fixed such that (2.2) holds, and V has only a finite composition factors
as a Vir-module, and t! D]y, : V;, — Vi_, is bijective when k >> 0. So, we can
find a basis Y, = (y,(cl), e ,y,(cN)) of Vj, such that

(24) (t_lD)Yk = Yk—l for k >> 0.
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We shall assume that N > 1 since the proof is trivial if N = 0. In the following,
we always suppose that k is an integer such that £ >> 0. Assume that

(t*D)Yy, = Yiyi P, for some N x N matrices P; ;, and i € Z.

By (2.2), (2.4) and applying [t7'D,t'D] = (i + 1)t*"1D to Y} for i = 1,2, we
obtain

(2.5) Pix=1Pyy=kP=[k?+P,Py = [k]® + 3kP, + P,

for some N x N matrices Py, P,. Here and below, for convenience, we always
identify a scalar a € F with the corresponding N x N scalar matrix a- 15 when
the context is clear, where 1y is the N x N identity matrix. We also denote k =
k+afor k € Z, and in general, we use the notation [a]! = a(a+1)---(a+j—1)
for a € F, j € Z (cf. notation [D]; in (1.3)). By choosing a composition series
of V regarding as a Vir-module, we can suppose P, P, are upper-triangular
matrices. Applying [tD,t2D] = t3D to Y}, by (2.5), we obtain

(2.6) P3j, = [k]* + 6[k]2P; + 4kP, + P3,

where P; = —3(2P1 + P12 - 2P2) + [P],P2], and [Pl,Pg] = PP, — PP, is the
usual Lie bracket. Recall that D = t£. From this, one has t"*7(£)7 = [D];
for i € Z,j € Z4\{0}. In the following, we shall often use notation £ instead
of D whenever it is convenient. Remember that E’iz is an operator of degree —1.
Assume that

i
(%) Y =Y,_iQir for some N x N matrices ;1 and ¢ > 1.

Using [£, (£)i] = 0, we obtain that Q;x = Q; which does not depend on k.
Note that since % =t7!'D, we have Q; = 1y by (2.4).

LEMMA 2.3: P, Py, and Q; — 1y are strict upper-triangular matrices for all
1€ 2Z4 + 1.

Proof: So assume that N > 1. By (2.1) or (1.2), we can deduce that

() =l g () ) -0l ()
d 15,d d /d\i
o= e P (@) )]

el ()] 260 ()
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o)l ) o (3]

-ufe g [ ()1

for i > 1, where in general [a]; is a notation similar to [D]; in (1.3) (cf. notation
[a)’ in (2.5)). Here and below, we make the convention that if a notion is not

defined but technically appears in an expression, we always treat it as zero; for

instance, (%)i“2 =01if s < 2. Applying these three formulas to Y, we obtain

=i+ 14Qi—2 =3(P1 k—it1 P p—iQi — 2Py j—i41Qi P + QiP1 11 Pi 1)
(2.7) +2(26 = 1)(P21—-iQ: — QiPa),
0 =P k—i+2P1h—i+1 Prr—iQi — 3P p—it2 P s—it1Qi Pk
+ 3P kmit2Qi Pk 1Pk — QiPry2 Prpy1 P
+ (0= )i = 2)(P3 4-iQ: — QiPs 1)
+2(i = D(Prp—it2(Pok—iQi — QiPag)
(2.8) = (Pok—i+1Qi — QiPa 1) Pik),
[6 + 16Qi—a =10(P2k—it2Pok—iQi — 2P k—i42QiPos + Qi Py 42 Pa y)
—6(i — 4)(Poy—iQi — QiPyr)
= 15(P1 j—i+3(P3,k—iQi — Qi P3 1)
(2.9) = (Psp—i+1Qs — Qi Pa41) Py i),
for « > 1. We shall denote by pgf'k’b) the (a,b)-entry of the matrix P, ; and the

like for other matrices. For a given position (a,b) with 1 <b<a < N, suppose
inductively we have proved

(2.10) g =
foralli € 2Z +1 and for a; > a,b; < bora; > a,b; < b. Now for convenience,

we denote

, b,b ) bb b
Pk =057, Be=o00, pi=p™, p=p®Y, ¢ = g\

for j € Z. Assume that i € 2Z+1. Using (2.10), by comparing the (a, b)-entries
in (2.7)-(2.9), we obtain

—[f+1agi—2 = (3(P1,k—i+1P1,k—i = 2P0 k—ir1PY g, + P 1P )
(2.11) +2(2i = 1)(p2,k—i — P )i,

/
0 = (P k—it2P1k—i+1P1 k—i — 3P1 k—it2P1 k—i41D] 4
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+ 31 k—it2PL g1 PLk = Phks2Pl g4 1Pk
+ (= 1)(i — 2)(p3.k—: — P3 1)
+2(t — 1)(prk—iv2(P2,k-i — P2 t)
(2.12) — (P2,k—i+1 = Po g 1)P1 1))
[i + 16gi—4 = (10(P2,k—it2P2,k—i — 2D2 k—i+2Pa i + D2 k12P2 1)
—6(i — 4)(pa r—; — p;,k) — 15(p1,k—i+3(P3,h—i —~ P&,k)
(2.13) — (P3.k—it+1 = D3 p1)P1 1)) G5

Applying (24 1 4] = (j — 1)tH2 L to y ) for j = 4,5, since P,, P, are
at

upper-triangular matnces, using (2.5) and (2.6), we obtain

(2.14) pak = [k]° + 10(k]*p1 + 10(K]*p + 5kps + pa,
' ps.x = [k]® + 15[k]*p1 + 20[k]®ps + 15[k)%p; + 6kps + ps,

where )
ps = —2(24p; + 12p% — 18p, + p1p2),
ps = 5(=72p1 — 34pT + p + 48p; — 6p1p2).
We have similar formulas for p/;,,j = 4,5. Applying [t* £ d $1L] = 84 to

dt
y,(cb), we obtain the following relation between p; and pq, which is a well-known

relation for the Virasoro algebra (cf. [S1]):

(2.15) 8p} +4p} — 6p1p2 + p3 = 0.
First we make the following assumption:

(2.16) g; #0 forsomei€ 2Z,+ 1.

By replacing ¢ by i + 2 in (2.11), since [i + 3]4 # 0 for ¢ € 2Z4 + 1, we see
that (2.16) holds for infinite many ¢ € 2Z, + 1. For fixed k, we denote by
f1(1), f2(2), fa(i) the coefficients of ¢; in (2.11)-(2.13) respectively. They are
polynomials on ¢. Then (2.12) and (2.16) show that fo(¢) = 0 for infinite many
1. Hence f2(i) = 0 for all i. Using (2.5) and (2.6) in (2.12), it is straightforward
to compute that the coefficient of i* in f2(z) is p1 — pj. Therefore, p} = p;.
Similarly, (2.11) and (2.13) show that

g() = [t + Uali = 1afs() — [t + e f1 (4 — 2) f1(3)

is zero for all 7. It is a little lengthy but straightforward to compute that
coefficient of 7!2 in g(i) is 6p; (using p} = p1). Thus p; = 0. By (2.15), p» = 0.
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Thus also p} = p, = 0. Then (2.11) becomes [i + 1]4(g; — ¢i—2) = 0. From this
we obtain that ¢; = ¢; for all i € 2Z, + 1.

Now we consider two cases: First assume that b < a. Then ¢; := qf“’b) =0
(recall that @1 = 1x). If (2.16) holds, then the above in particular proves that
gi=q = 0for all ¢ € 2Z + 1. This contradicts (2.16). Thus (2.16) cannot
hold for any 1, i.e., in this case we have ¢; = 0 for all ¢ € 2Z, + 1.

Next assume that @ = b. Then ¢ := q{“’“) = 1 and so (2.16) holds for at
least 1 = 1. Thus the above proves that p; = ps = 0,¢; = qq, i.e., in this case
5“"‘) = pga’“) =0 and ¢\*% = qga’“) =1foralli€2Z +1.

we have p i

This proves the lemma. |

Lemma 2.3 shows that the diagonal elements of P;y, are [k[/*! for j = 1,2,
and thus for all j > 1 since Vir, is generated by tD,t>D.

LEMMA 2.4: Po=P,=0and ¢; =1y foralli € 2Z + 1.

Proof: For a given position (a,b) with 1 < a < b < N, suppose inductively we
have proved

(2.17) plt) =ptt) =0, g =4,

for all ¢ € 2Z + 1 and for a; > a,b; < bor a; > a,b; <b. Denote now

(a,b) (ayb) (ayb)

(@,a) R g A R A

Djk :pj,k y Dy =

for j € Z,i € 2Z4 + 1, and denote

5 (Ppik Py 5 _ (0 pj 5 (1 &

Then these 2 x 2 matrices commute with each other. By assumption (2.17), we
see that (2.7)-(2.9) still hold when we replace all matrices by their corresponding
matrices with tilde, and we have similar formulas for P;;,j = 3,4,5 as in (2.6)
and (2.14) (here now, [P}, Py] = 0). Since Q; is invertible, from (2.8), we obtain
an equation on P; ;. Using (2.5) and (2.6) in this equation, we obtain that
4[i)3(3P, — P,) = 0. This shows that P, = 3P;. Then (2.7) and (2.9) give

[l + 1]4éi_2 = [2]2(12 - ’l + 12]31 - 2)@1‘,
[i + 1]6Qi-a = [i]a(s* — 31 + 30P, — 4)Q;.
Since (; are invertible, the above gives P, =0 and so P, = 0. Then the above

also gives Q; = Q1 = 1, fori € 2Z4+ 1. This proves that (2.17) holds for (a, b).
Thus we have the lemma. ]
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Thus by Lemma 2.4 and (2.5), Pix = [k, Poy = [k?, Qi = 1, € 22, + 1,
are all scalar matrices for ¥ >> 0. By shifting the grading index of Vj, if
necessary, we can suppose that [k}2, [k]® # 0 and (2.4) holds for k > 0. Applying
[(£)2,[(£)%,¢*4]] = 8(£)® to Yo, we obtain that Q3 = 1. Thus by linear
algebra, ()2 is a diagonalizable matrix. Note that

(2.18) o= (%)2 : ( ;t)lvo

is a linear transformation on Vp (recall (1.2) for the product “”), such that
oYy = [2]*Y5Q2. Thus by re-choosing the basis ¥ and re-defining Y}, such that
(2.4) holds for k > 0 (then this change of basis Yj does not effect Py g, Py g,
@i, t € 2Z4 + 1, since they are scalar matrices), we can then suppose Qs is a
diagonal matrix (with the diagonal elements of (); being +1).

LeEmMMA 2.5: For all i,k € Z with k,k +1 > 0, P; ;. is a scalar matrix.

Proof: Using [tD,#"1D] = (i — 2)t'D and (2.5), by induction on i, we obtain
Py = [k]**! for i > ~1,k > 0. Thus assume that i = —4; < =2,k +14 > 0. Let
j be any integer such that j > 4;. Applying (j + i)/ "4 D = [t~ D,t/ D] to
Y., we obtain

G+ i) kP = kP Py g — [k~ 0P P e

By replacing & by & + j and replacing j by 24, we obtain two other equations
respectively. From these three equations, one can easily deduce that P_;, j is a
scalar matrix. |

Since W is generated by Vir U{(%)Z}, by induction on j, one can prove

(2.19) (¢t —d~)j Vi =Y, iP ;1 for some diagonal matrices P; ; y,
dt sJs »Js

and for all 4,5,k € Z with j > 1,k,i+ k > 0.

LEMMA 2.6: Denote by V(a) the W-submodule of V generated by y(a),
a =1,...,N. Then V(a) is a module of the intermediate series such that
V'=V(1)+---+V(N) is a direct sum of W-submodules.

Proof: Since U(W) = UW_)U(Wp + W5 ) and V(a) = U(W)yO , by writing
u € U(W) as a sum of uy - -u,w; - - w, for u; € W, w; € Wy + Wy, using
(2.19), we obtain by induction on r + s that dimV(a)y = 1 for k¥ > 0. Since
V(a) is also a Vir-module, by [S2], dim V(a)x = 1 for all k with k + a # 0.
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Then by (2.5) and the above lemmas, one can prove that V(a) is a subquotient
module of A, or By, ie., V(a) is a W-module of the intermediate series (also
cf. [Z]).

Fora=1,...,N,let V'(a) = V(a) N },,, V(i). Then obviously, V'(a)x =
{0} for k > 0. Thus we must have V'(a) = {0}. ThlS proves the lemma. n

Now let V" = V/V'. Then V" is a finite dimensional trivial module. By
induction on the number N 4+ dim V", one obtains that V is decomposable if
N > 2. Thus N =1 and one can further deduce that V is a module of the
intermediate series. This proves Theorem 1.2(i).

COROLLARY 2.7: Suppose V is a uniformly bounded quasifinite W-module
satisfying (2.2) and there exists N > 1 such that dimV; = N for all i € Z with
a+1t # 0. Fix iy € Z with a+149 # 0 and fix a basis Y;, of V;,. Then there exists
a basis Yy, of V, for all k € Z with o+ k # 0 such that (¢! D)Y;, = (o +1i0)Yig+;
for all j € Z with o+ 49 + 7 # Q. |

3. Quasifinite W(T,n)(")-modules

Since Theorem 1.1{ii} is a special case of Theorem 1.2(ii}, we shall prove
Theorem 1.2(ii) (cf. [S4]). Thus assume that I' is a group not isomorphic to
Z and V is an indecomposable quasifinite weight W(I", n){)-module such that
there exists some & = (@, ...,a,) € F* with (cf. (2.2))

Vs ={veV|Dw=(a;+Bi)v,i=1,...,n} for BeT.

As the proof in [S4], V' is uniformly bounded, and there exists N > 0 such that
dim V3 = N for all 8 € I" with o+ 3 # 0. For convenience, we shall now denote
= p+aforall p e,

By [SZ2], we can suppose that all elements y(i) = (614,...,0,,) for i =
1,...,n are in I'. We denote D = @,_, FD; and define an inner product on
I'x D by

(3.1) (8,d) = Eylzmua (B1,--.,Bn) €T, d ="y d;D; € D.

i=1

Then (-,-) is nondegenerate in the sense that if (3,D) = 0 for some 8 € T
then § =0 and if (T, d) = 0 for some d € D then d = 0.
By (1.2) and (3.1), we have

(3.2) [t5d,t7d'] = t**7 ((y,d)d' — (8,d')d) for B,y €T, d,d €D.
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Fix an element v € T" such that 7,7 £ y(1),7+£2y(i) #0fori=1,...,n. Asin
(2.18),
g; = (t_27(i)Di(Di - 1)) . (tzv(i)Di)h/y for i = 1, R (N

are diagonalizable operators (note that (%)2 = t:D(D -~ 1) and t3dit = 2D
in (2.18)). Since 0;,i = 1,...,n, commute with each other, one can choose a
basis Y, of V, such that o; correspond to diagonal matrices. Let € I'\{0}
be any element such that ¥+ 3 # 0. We shall define a basis Y, 13 of V445 as
follows: One can choose some d € D such that (7,d),(3,d), (7 + 8,d) # 0. Let
W(B) = span{tPd’|i € Z,j € Z\{0}} be a Lie subalgebra of W(I", n){"), which
is isomorphic to W(Z,1)() by (3.2) (cf. [S4]). Denote V(8) = Dicz Voris
Then V(5) is a uniformly bounded quasifinite W()-module. By Corollary 2.7,
tAd|v,: Vo = Vy4p is bijective. We define Y45 = (¥ + 8,d) 1 (t?d)Y,,.

Now as in (2.19), one can prove by induction on |u| = py + -+ + py, that
(t*D")Y,, = Y,15P5,,,, for some diagonal matrices P, and for all 8,9 €
Lop = (p1,. .., pn) € Z3\{0} with 7,7 + B # 0. Thus as the proof of Lemma
2.6, we obtain that V must be a module of the intermediate series. This proves
Theorem 1.2(ii).
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